Let K be a topological group. The Bredon-Illman cohomology with equivariant local coefficients of a K-space was introduced in [Quart. J. Math. Oxford (2) 47 (1996) 199]. In this paper we show that the Bredon-Illman cochain complex defining the above cohomology admits a homotopy G-algebra structure as introduced in [Internat. Math. Res. Notices 3 (1995) 141]. As a consequence, we derive a B ∞ -algebra structure on the cochain complex.  2004 Published by Elsevier B.V.
Introduction
The Bredon-Illman cohomology with local coefficients of a K-space X, where K is a topological group, was introduced in [9] extending the notion of Bredon cohomology [3] . For a discrete group K, a notion of Bredon cohomology with local coefficients for Kspaces was also introduced by Moerdijk and Svensson [8] via the cohomology of a certain category associated to K-spaces. In [10] it was shown that for a discrete group K the above two definitions are equivalent. The aim of this paper is to show that for a topological group K, the Bredon-Illman cochain complex with local coefficients of a K-space X admits a homotopy Gerstenhaber-algebra structure. As a consequence, we get a B ∞ -algebra structure on the cochain complex. The motivation comes from the well-known facts that Hochschild complex C * (A, A) of an associative algebra A and the singular complex S * (X) of a topological space X admit such structures and also from the recent observation [7] that dialgebra cochain complex admits homotopy G-algebra structure. Gerstenhaber and Voronov [4] pointed out that such a structure on any complex is a biproduct of the existence of a non-Σ operad structure on the associated cochain complex along with a multiplication defined on it. Following this idea we show that the cochain complex defining the BredonIllman cohomology admits a non-Σ operad structure and a multiplication and hence deduce that the complex admits a homotopy G-algebra structure.
The paper is organized as follows: In Section 2 we recall the Bredon-Illman cochain complex [9] and discuss some of its properties which are required in the sequel. We describe a non-Σ operad structure on the Bredon-Illman cochain complex in Section 3 and using this we show in Section 4 that Bredon-Illman cochain complex is a homotopy G-algebra. Finally, in Section 5 we deduce a B ∞ -algebra structure on the Bredon-Illman cochain complex.
Bredon-Illman cochain complex
Let K be a topological group and X be a K-space. There is a category Π K (X) associated with X and K whose objects are K-maps x H : K/H → X and morphisms are as follows: Let x H : K/H → X and x H : K/H → X be two objects of Π K (X). For any a ∈ K such that a −1 H a ⊆ H , letâ : K/H → K/H be the mapâ(gH ) = gaH . Let I = [0, 1] be the unit interval on which K acts trivially. We will denote composition by juxtaposition. Let ω be a K-homotopy from x H to x H â. Consider the set of all such pairs (â, ω). We define two elements (â, ω) and (b, ω ) of this set to be equivalent if there exist equivariant maps j andω where j :
The composition of (â, ω) :
This composition is compatible with the equivalence relation defined above.
Let ∆ n be the standard n-simplex on which K acts trivially. Let us fix an ordering of the vertices of ∆ n and denote them by e n 0 , . . . , e n n . An equivariant n-simplex on X is a K-map σ : K/H × ∆ n → X. For any such σ and {i 0 , . . . , i k } ⊆ {0, . . ., n} where 0 k n, define an affine linear map,
and denote,
where 1 : K/H → K/H is the identity map. In particular, for any 0 j n, we will write σ j = σ (0, . . . , j − 1, j + 1, . . . , n). From now on, whenever the symbol 1 is used as a map, it will denote the appropriate identity map. Also an n-simplex on X will always mean an equivariant n-simplex on X. Given σ we also define ,
Then,
Then
. Let R be the category of commutative rings with identity and identity preserving ring homomorphisms. An equivariant local coefficient system on X is a contravariant functor
Let us assume from now on that such an M is given. We will denote,
Note
Then σ and τ are said to be equivalent if σ = τ h and we write σ ∼ h τ . If σ ∼ h τ , thenσ =τâ. Let us denote by idσ the constant homotopy (idσ ) t =σ , ∀t ∈ I . Then [(â, idσ )] is a morphism fromσ toτ in Π K (X). We will write,
Define for all n 0, S n K (X, M) to be the set of all functions c on the n-simplices of
is a commutative ring with identity, where the ring operations on S n K (X, M) are induced from M. The multiplicative identity in S n K (X, M), i.e., the identity cochain in S n K (X, M) is the n-cochain which takes any n-simplex σ to the multiplicative identity element of M(σ ). The additive identity in S n K (X, M), i.e., the zero cochain in S n K (X, M) is the ncochain which takes any n-simplex σ to the additive identity element of M(σ ). Notice that if σ ∼ h τ , then h * is a ring homomorphism which preserves the multiplicative identity. Hence the ring operations on S n K (X, M) are well defined. Define
as follows: for any n-cochain c and any equivariant (n + 1)-simplex σ ,
Then from [9] we have:
Thus it is enough to show that in R,
We need to show that (â, ω) and (â, ω ) are equivalent in Π K (X) and for this we take j to be the constant homotopy j t =â for all 0 t 1. Also, we define, φ :
and finally define, 
, it is enough to show (see (5) ) that the morphisms (1, α σ Let Z be the ring of integers. The category Z-mod of Z-modules and Z-module homomorphisms is a symmetric monoidal category [1, 6] with the relevant operation being tensor product and the unit element being Z. 
and for 2 i m, let
We now show that S * K (X, M) is a non-Σ operad in Z-mod. We will use the notations of the previous section. Since X, K and M will be fixed from now on we write S n instead of S n K (X, M). Take η(1) = id as the identity cochain in S 1 . To define γ , let c ∈ S k for some k 1 and let c i ∈ S n i , where, n i 0, 1 i k. Let m t = t j =1 n j , 1 t k and m 0 = 0. Let σ be an m k -simplex in X. Then we define,
Let σ ∼ h τ be equivalent simplices on X. Since h * is a morphism in R, it follows from Lemma 2. 
We will show that
Let σ be a q-simplex of X. 
Again, 
(σ ).
Thus by (13) and (14) we get, Then by (15)- (17) and above we get,
The result now follows from (A) and (B). 2
As a consequence we have, Let H be a non-Σ operad in Z-mod. There is a natural brace structure [4] defined on H making it a brace algebra. For x ∈ H m and x j ∈ H m j , 1 j n m, the brace x{x 1 , . . . , x n } is an element of H of degree m + n j =1 m j − n defined as follows:
where the summation runs over all possible substitutions of x 1 , . . . , x n into x in the prescribed order and for any such substitution, ε = n p=1 |x p |i p , where i p is the total number of inputs in front of x p .
In particular for m = n and ε = m j =1 (|x j |(
Writing x • y = x{y}, we have,
Thus: 
S * K (X, M) as a homotopy G-algebra
We continue using the notations of the previous sections.
Definition 4.1. Let H = H j be a brace algebra in Z-mod. Then H is a 'homotopy G-algebra' [4] in Z-mod if there is a differential d of degree 1 and a product '·' of degree 0 defined on it making it a differentially graded associative algebra such that the following identities are satisfied:
(a) Let x ∈ H p and y ∈ H q . Let n p + q and let r = max{n − q, 0}. Then for any
Let H be a non-Σ operad in Z-mod and suppose that there is an element µ ∈ H 2 such that µ • µ = 0. Then we say that there is a multiplication defined on H . Given µ we define on H a product by,
and a derivation d by,
We have the following result [4] .
Proposition 4.2. Let H be a non-Σ operad in Z-mod. If there is a multiplication µ defined on H , then H is a weak homotopy G-algebra.
Let H be a non-Σ operad in Z-mod. Then the bracket
on H makes it a graded Lie algebra, i.e., it satisfies the graded Jacobi identity, Hence, H is a differentially graded Lie algebra.
We now define a multiplication on the non-Σ operad S * K (X, M). Let µ ∈ S 2 be the identity 2-cochain. Then µ • µ is a 3-cochain defined by (see (19)), µ • µ = µ{µ} = γ (µ; µ, id) − γ (µ; id, µ). As explained in [11] the proof of the above theorem follows from the fact that S * K (X, M) is a homotopy G-algebra (Theorem 4.4).
